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00 Introduction

• The valuation of long-maturity American options such as ESOs

is sensitive to assumptions about how they will be exercised.

• Commonly used modifications to Black-Scholes (1973) are

inadequate because they ignore key empirical features of

employee exercise patterns.

In this paper, we

1. estimate the rate of voluntary exercise as a function of the stock

price path and of firm, contract, and option holder characteristics. 

2. develop an analytic valuation approximation, compare option values

calculated using our model and Black-Scholes-based methods

commonly used in practice.



01 Previous Literature
The employee chooses an option exercise policy as part of a greater utility 
maximization problem that includes other decisions such as portfolio,
consumption, and effort choice, and this typically leads to some early exercise 
for the purpose of diversification.

A number of analytic methods for approximating employee option value have 
also been proposed.
• FAS 123R permits using the BS formula with the expiration date replaced by 

the option’s expected life, and SAB 110 permits using BS with expiration 
replaced by the average of the contractual vesting date and expiration date.

• Black-Scholes-based approximation: 
Jennergren and Näslund (1993)、Carr and Linetsky (2000)、
Cvitanić,Wiener, and Zapatero (2008) 



02 Valuation and Estimation Methodology
1. The fraction of remaining vested in-the-money options held by

individual 𝑖 from grant 𝑗 that is exercised on day 𝑡 : 

𝑦𝑖𝑗𝑡 = 𝐺 𝑋𝑖𝑗𝑡𝛽 + 𝜖𝑖𝑗𝑡

where   𝐺 𝑋𝑖𝑗𝑡𝛽 =
exp X𝑖𝑗𝑡𝛽

1+exp X𝑖𝑗𝑡𝛽
, 𝐼𝑡 is the information set at date 𝑡, 

𝑋𝑖𝑗𝑡 is a set of covariates in 𝐼𝑡 ,

𝐸 𝜖𝑖𝑗𝑡 𝐼𝑡 = 0 and 𝐸 𝜖𝑖𝑗𝑡, 𝜖𝑖′𝑗′𝑡′ = 0 for 𝑖 ≠ 𝑖′ or 𝑡 ≠ 𝑡′

The exercise rate function 𝐺 𝑋𝑖𝑗𝑡𝛽 is the probability that an individual option in

the grant will be exercised at date t, conditional on the time, stock price, and other

state variables described by 𝑋𝑖𝑗𝑡, and conditional on having survived to time t.

For unvested options, and for vested options that are out of the money, we 

define 𝐺 ≡ 0.



02 Valuation and Estimation Methodology

2. The average option value (the cost of the option to the firm) is

where 𝜆 describe the probability that the option will be involuntarily 

stopped through termination, forcing exercise of vested in-the-money 

options, cancellation of vested out-of-the-money options, or forfeiture

of unvested options.



03  Data and Variable Construction

Data
• Time : 1981~2009
• 88 publicly traded corporations (27 of them are S&P500 firms)
• over 290,000 employees
• over 810,000 employee option grants
• more than 560,000 different exercise events
• complete histories of ESO grants, vesting structures, and option 

exercise, cancellation, and termination events for all employees



03  Data and Variable Construction

SIC 3 : technology firms
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03  Data and Variable Construction

ESO Exercise Factors

1. Standard Option Exercise Factors

• Price-to-strike ratio :  
𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑠𝑡𝑜𝑐𝑘 𝑝𝑟𝑖𝑐𝑒

𝑠𝑡𝑟𝑖𝑘𝑒 𝑝𝑟𝑖𝑐𝑒
− 1

• Volatility : The annualized volatility of the daily stock return, estimated 
over the prior three months.

• Dividend in next two weeks : 1 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑝𝑎𝑖𝑑 𝑖𝑛 2 𝑤𝑒𝑒𝑒𝑘𝑠 ×
𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝑝𝑎𝑦𝑚𝑒𝑛𝑡

𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑡𝑜𝑐𝑘 𝑝𝑟𝑖𝑐𝑒

• Years to expiration : The number of years remaining until the expiration  
date of the grant.



03  Data and Variable Construction

ESO Exercise Factors

2. Portfolio Factors
• Correlation : The correlation between the stock return and the return on   

the S&P 500 Composite Index.
• Black-Scholes employee option risk : Approximated as the total Black-

Scholes delta of the employee's option portfolio times the  
dollar volatility of the stock price.

• Black-Scholes employee option wealth : The log of the total Black-Scholes  
value of the employee's option portfolio.



03  Data and Variable Construction

ESO Exercise Factors

2. Portfolio Factors
Based on a theoretical analysis of the optimal exercise boundary, they show that, 
as with a standard American call, exercise is more likely the greater is the 
dividend rate. However, unlike a standard American call:

(1) exercise is more likely if the employee has greater absolute risk aversion;
(2) exercise is less likely with greater employee wealth, provided the employee

has decreasing absolute risk aversion;
(3) exercise is decreasing in the absolute magnitude of the correlation between

the stock return and the market return; 
(4) the effect of greater volatility or longer time to expiration is ambiguous.

(due to the conflicting effects of employee risk aversion and the convexity of 
the option payoff.)



03  Data and Variable Construction

ESO Exercise Factors

2. Portfolio Factors
In standard option theory, variables such as volatility and time to expiration only 
affect exercise behavior when the underlying stock pays dividends. However, in 
the utility maximization framework for nontransferable options, these variables 
can affect exercise behavior even in the absence of dividends, though the sign of 
the effect is theoretically ambiguous.
在一般的選擇權理論中，波動度及到期日時間長僅在有發股利時才會影響履約行為；但
在不可轉讓選擇權之效用最大化的框架中，即便不發股利，此兩變因皆會影響履約行為



03  Data and Variable Construction

ESO Exercise Factors

3. Additional Factors
• Vesting date in past two weeks : A dummy indicating whether a vesting  

date has occurred in the previous two weeks for the given grant.
• Vesting date in past two weeks × years between prior two vesting dates
• Price ≥ 90th percentile of prior-year distribution
• Top-10 option holders
• Executive : An indicator of whether the employee is a senior executive.
• Male
• Age



04  Estimation Results

The dependent variable is the fraction

of remaining vested options exercised

by an employee from a given grant on

a given trading day.

𝑦𝑖𝑗𝑡 = 𝐺 𝑋𝑖𝑗𝑡𝛽 + 𝜖𝑖𝑗𝑡



04  Estimation Results

• Vesting past two weeks:  the 
notification effect is larger for lower 
ranked employees, while the pent-
up demand effect is larger for top 
employees.

𝑦𝑖𝑗𝑡 = 𝐺 𝑋𝑖𝑗𝑡𝛽 + 𝜖𝑖𝑗𝑡

The dependent variable is the fraction

of remaining vested options exercised

by an employee from a given grant on

a given trading day.



04  Estimation Results

Both of these variables
are outside the set of 
factors that would be 
expected to be 
important either in
a classical Black-
Scholes setting or in a 
Black-Scholes setting 
augmented by
portfolio factors.



Simulation Details
In a grant that vests in fractions 𝛼1, . . . , 𝛼𝑛 at times 𝑡1, . . . , 𝑡𝑛, the average 
option value (the cost of the option to the firm) is

To compute 𝑂𝑡 for a given exercise function, 𝐺, and termination rate, 𝜆, we use 
Monte Carlo simulation as follows:

1. Simulate a large number, 𝑁, of stock price paths between date 0 and
option expiration date 𝑇 at discrete time intervals of length Δ𝑡. For a   
given path 𝑖, we therefore simulate 𝐽 = T/Δ𝑡 values, where the 𝑗𝑡ℎ

value is calculated as   𝑆 𝑗+1 Δt
𝑖 = 𝑆jΔt

𝑖 × 𝑒
𝑟−

1

2
𝜎2 Δt+𝜎 Δ𝑡𝜖𝑗

𝑖

and where the 𝜖𝑗
𝑖 are i.i.d. standard normal random variables.



Simulation Details
2. Along each path 𝑖, for each period 𝑗 (corresponding to calendar date 𝜏),  calculate the  

probability that the option has survived to 𝜏 , 𝑒− 𝑡׬
𝜏
(𝐺𝑠+𝜆)𝑑𝑠 and the conditional  

probability of the option being stopped this period, (𝐺𝜏 + 𝜆)Δ𝑡, 

→ 𝑃 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑜𝑛 𝑏𝑒𝑖𝑛𝑔 𝑠𝑡𝑜𝑝𝑝𝑒𝑑 𝑡ℎ𝑖𝑠 𝑝𝑒𝑟𝑖𝑜𝑑 = 𝐺𝜏 + 𝜆 Δ𝑡 × 𝑒− 𝑡׬
𝜏
(𝐺𝑠+𝜆)𝑑𝑠

3. For each period, calculate the expected discounted cash flow conditional
on the stock price path and stopping at time 𝜏 times the probability of

stopping at time 𝜏 , e−r 𝜏−𝑡 S𝜏 − K +(G𝜏 + 𝜆)𝑒− 𝑡׬
𝜏
(𝐺𝑠+𝜆)𝑑𝑠Δ𝑡

and add these values for each period. 

4. Also add in the expected cash flow at expiration (date 𝑇),

e−r 𝑇−𝑡 S𝑇 − K +𝑒− 𝑡׬
𝑇
(𝐺𝑠+𝜆)𝑑𝑠

5. Repeat this for a large number of stock price paths, and average the results for each   
path to obtain an estimate of the option value, 𝑂𝑡.



05 Implications for Employee Option Cost to Firms
To implement the option valuation modeled in previous page,

we need an estimate of the employee termination rate 𝜆 as well as the voluntary 
exercise rate function 𝐺(𝑿𝛽).
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05 Implications for Employee Option Cost to Firms
A. Exercise Factor Effects in Employee Option Cost

Theory from Carpenter, Stanton, and Wallace (2010) gives a clear prediction that 
a higher dividend rate should accelerate exercise.



05 Implications for Employee Option Cost to Firms
B. Black-Scholes Approximations Currently Used in Practice

Since 2005, the FASB has required firms to recognize the cost of employee
option compensation in their income statements. 
• FAS 123R : a Modified Black-Scholes method that uses the Black-Scholes formula 

with the option’s actual time to expiration replaced with its expected life
• SAB 110 : approves the use of the Black-Scholes formula with the option’s stated 

maturity replaced by the average of the vesting date and stated maturity

Estimation for expected life:
• Assume that the option holder follows the exercise policy estimated in specification (4)
• The option’s true expected term conditional on vesting is

𝐿𝑡 = 𝐸𝑡 න
𝑡∨𝑡𝑣

𝑇

𝜏 𝐺𝜏 + 𝜆 𝑒
− 𝑡∨𝑡𝑣׬

𝜏
𝐺𝑠+𝜆 𝑑𝑠

𝑑𝜏 + 𝑇𝑒
− 𝑡∨𝑡𝑣׬

𝑇
𝐺𝑠+𝜆 𝑑𝑠
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05 Implications for Employee Option Cost to Firms
B. Black-Scholes Approximations Currently Used in Practice

ESO value falls more slowly than the Modified Black-Scholes value as the dividend payout 
rate increases.



06 Conclusion
Find new exercise factor effects in option cost: 
• vesting structure matters a lot—option cost drops 11% to 16% from cliff to monthly 

vesting since the passage of vesting dates triggers early exercises.
• top-ranked option holders exercise more slowly, with their options typically worth 

2% to 7% more than those of lower ranked option holders.
• men exercise faster than women, reducing their options’ value by around 2% to 4%.

Develop an analytical approximation of the option’s implied Black-Scholes expiration 
date, which when incorporated into the Black-Scholes formula delivers values that 
much more closely approximate executive and employee option values across a wide 
range of parameters. 


